1 Dynamic programming: An example

Here we see how to solve an infinite Ramsey model with full depreciation § = 1 using backwards
induction. This method has to do with iterating the value function up to a point where we are able to
see the long term properties of the decision rule and the value function itself.

1.1 Problem set up

We set up an economy where one-infinitely living individual tries to maximize his consumption stream.
Mathematically we have:

Max U= Zﬁt Inc (1)
t=0

{et.ke41}82,

subject to
Ct = Ak? — kt+1 (2)

where kg, A >0, « € (0,1) and S8 € (0,1).

1.2 Value Function Iteration

The value function for a random period ¢ is
Vi = Max In(Aky —it) + BVt (3)

Now we change the horizon. We set a period T as if it were the last period this individual will face
and we start solving problem from 7T back.

1.2.1 Period T

For period T the Bellman equation in (3) becomes:

Vr = 1}4&?( ln(Ak'% - iT) + ﬂVT_H (4)
ir

and here we have the first problem. We do not know the value of Vpi;. But we know the invidual
values nothing any consumption beyond the end of his life, therefore k71 =0 = ip and Vpyq = 0. If
we maximimﬂ (4) we find that the value at T is

Vr=InA+ kg (5)
and the decision rule tells the individual not to invest at all
ir =0 (6)

1.2.2 Period T-1

We start solving for period T'— 1 using the same procedure. Let us write the Bellman equation for
this period.
V1= Max} ln(Ak%_l — iT—l) + BVr
1T —1
but now we do know the value of V. If we plug it in the above equation we get closer to something
we can maximize
Vo = Max} In(AkT_; —ir—1)+ SIn A+ BfInkT
i1
Still we have an unknown term, k. But we can use the law of motion that says kr = ip_;. Let us
put this piece of information in the value function to maximize it:

Vr_1 = Max In(Ak7_ —ir_1)+BIn A+ BIniT_, (7)

ir_1}

L Actually we cannot maximize a constant, it is the value itself what we get



and the first order neccesary condition becomes

oUu 1
vo_ 1 9P
Oir—1 ARG | —ir—1  ir—

Rearrange this equation so as to obtain an expression with ip_; as a function of current capital and

other parameters like
afSAKT

1+ ap
Finally we need the solution for the value at T'— 1. We have to plug (8) into (7) to obtain

afBAkS | aBAk%_l)o‘

(8)

o1 =

1 =1In|AkS_, —
V- n( r=1 1+ap 1+ Pa

>+51nA+51n<

develop the neperian logs and simplify for kr_4

afA
1+ af
We are ready to proceed to the next step but although the above equation is what we need to assess

the trend of the value function at the end of the example it is not very handy to work with. We will
use a simpler equation grouping all the constant terms together

Vr_1 =1In +BlnA+afln +a(l+ ap)kr_y 9)

14+ap

Vr_1=C+ Dlnkp_q

1.2.3 Period T-2

Here we follow the steps we undertook when we solved for T" — 1. Let us start with the Bellman
equation for T — 2.
Vr_o = Max ln(Ak%_Q — iT_Q) -+ BVT—l

ir_2}

again we know Vp_1 so let us use it -the short one of course-.

Vir_o = Max ln(Ak%72 — Z'T,Q) + ﬁC + ﬁD Inkpr_4q

{ir—2}

and make use of the law of motion kr_1 = i7_»

VT,Q = Max hl(Ak%fz - iT72) + 50 + 5D In iT,Q (10)

{ir—2}

the first partial derivative with respect to investment yields:

ou 1 8D
. =—— - + - =0
ir_2 AkG_5 —ir_2  iT_2
the solution depends on D
~_ BDAkg_,
‘T-2= 18D

if we substitute for D we have the decision rule:

 (Ba+(Ba))Akg_,
T2 T Ba + (Ba)? (1D

Now we need the value of the Bellman equation at T'— 2. Plug the decision rule that contains D in

equation (10).
BDAES_, BDAES_,
71+5D )+ﬁC+ﬁDln<l+ﬁD

Now we will obtain two equations. A value as a function of the model parameters and current capital
and another value as a function of two new black boxes E and F. The latter can be done from the
above equation using some properties of the logs:

VT_2 =In (Ak‘%_Q -

BDA

o =1
Vr_a T

+BC + 3DIn + a1+ BD)Inky_s

A
"T¥8D



group all the constant terms altogether and obtain the equation we need to keep iterating
Vr—o=E+ Fkr_»

and the complete equation, after a sizeable amount of algebra becomes (be patient if you want to work
this out)

A A afA

2 2
n1+a6+(a6)2+51n1+a6+5 In A+ap lnl—i—aﬁ

Ba(l+apf)A

Ve =1 1+af+ (aB)

+af(14+af)In
(12)
If we look at this equation we will be able to find 4 patterns. The first is made of the first 3 terms, the
second one is the fourth term, the third comes from the fifth term and finally we have the recursive
equation with the capital. Actually what we have is enough to capture the long-run properties of
the model but you may not neccesarily know this so let us check there is no new pattern in the next
iteration before solving for the limit.
1.2.4 Period T-3

First things first, the Bellman equation for 7" — 3:

Vr_3= Max  In(AkG_5 —ir_3) + BVr_s

ir—3}

Now we use Vr_s, again, the short one, to obtain:

Vr_3 = Max ln(Ak%f?, — Z'ng) + BE + BFkr_o

{ir_3}
and finally let us make use of the law of motion, kr_o = ip_3

Vr_3 = {Max} ln(Ak‘%73 —ip_3)+ BE + BFir_3 (13)
i3

Derive with respect the control variable and we have

ou 1 N BF 0
dir—s  AkS 5 —ir_3  ip_3
Solve for i7_3
 BRAR,
T8 T I T BF

Now plug F in the above equation to obtain the decision rule at period T'— 3

o _ (B (a)’ + (aB)*) kg (14)
27 T v af 1 (aB)? + (ap)?

We will be no longer iterating so we just need the real expression of the value function at 7' — 3. In
order to obtain so we have to plug C,D,E and F in VT,;;H After tons of careful rearrangements and
some algebra we obtain the following expression:

A

A 2 A 3
1+a5+(a5)2+(a5)3> +mn<l+a5+(ab’)2> +5 lnl-i-ﬂa +5 nA

VT_3 =1In <

aBA (af + (aB)?)A
Y e S, oy

A(aB + (af)® + (aB)?)
1+aB + (aB)? + (af)?

+(1+ aB+ (af)? + (aB)*) Ink§ _4

2Actually there is no C in Vip_3 but it is inside E.

+5%aBIn

(15)

+(aB + (aB)? + (@B)’) In

2+a(1+a6+(aﬁ)2)ln kr_o



1.3 Arbitrary ¢ and limit solution

We are almost done. We just need to take a look at the two things we are interested in; the decision
rules and the value functions we have obtained in the last section. Let us start with the former.
Equations 6,8,11 and 14 contain the decision rules we have obtained so far. Following the pattern we
can obtain the closed-loop solution for an arbitrary t as:

Akg_, Zle(aﬁ)i

kr—i41 =ir—¢ = : (16)
1+ 25:1(0‘ﬂ)1
and the solution when ¢ tends to infinite becomes:
li kr_ = 1 ir—s = aSAKST 17
(omoy TRl R T OB ART ¢ (17)

Now it is time for the value function. Remember when building this function that there are 4
recursives equation inside the value function, or in other words, we have to work out 4 expressions
with a sum. For an arbitrary ¢ the value function looks as follows:

t

_ - i A t i+1,,81n AN o(aB)
V=2 (zt (M)”)Jrzﬁ . ( > (af) >+ 1

=0 =0 =0

o AV o(aB)! Sy
(045)”'1 (ln <10>> +Ink?_, (ap)*  forallt>2
; >izo(aB)’ ! ;

Finally we have to apply the geometric series formula repeatedly so as to obtain the value when ¢ tends
to infinity.

. _ InA(l1-ap)  aBIn(AapB) In k©
{tliglc} Vit = 1-3 1-3 1—af

where I have merged the second and the third expressions in (18) after simplifying.

(19)
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